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A Monte Carlo method is presented to evaluate quantum states with many particles moving in
the continuum. The scattering state is generated at each time by a Monte Carlo random sampling
algorithm. The same calculation are repeated until the average energies of all calculations converge.
For systems with one and a few particles, our calculations show that the exact solution can be
approached with around only one hundred iterations. As examples, we apply the approach to study
the structure of neutron-rich oxygen isotopes.
PACS numbers: 21.60.Cs, 21.60.Ka, 24.10.Cn, 24.30.Gd
The configuration interaction approach plays an deci-
sive role in the description of quantum many-body sys-
tems including quantum chemistry, atomic and molecular
physics, condensed matter physics and nuclear physics.
In nuclear physics it is more known as the interacting
shell model in which the wave function is constructed as
a linear expansion of all possible anti-symmetric Slater
determinants within a given model space. The model
space is usually defined by taking into account the single-
particle orbitals within one or a few major shells. How-
ever, the size of the model space increases exponentially
with the number of valence nucleons and orbitals, which
soon becomes much larger than those treated by conven-
tional diagonalization techniques [1, 2].
Another challenge is that the shell model practically
describe the nucleus as a closed system since the contin-
uum effect is not considered explicitly [3]. Among the
attempts to tackle this problem we mention the shell
model in the complex energy plane [4–6] which spans the
Berggren space [7]. This is made possible by the intro-
duction of the so-called Berggren representation where
the continuum is represented by an ensemble of dis-
cretized scattering states on a chosen contour [8]. The
Berggren representation has been successfully applied to
study the structure of light He, Li and O isotopes (see,
e.g., Refs. [6, 9, 10]) and is also incorporated into the
coupled-cluster method [11]. It is to be emphasized that
the calculation within the Berggren representation is even
more challenging than the traditional configuration inter-
action approach since a large amount of continuum states
have to be included [8], which increase dramatically the
configuration space, as well as make it non-Hermitian
and complex [9, 10]. Moreover, it is difficult to identify
the physically meaningful state from such calculations
since they induce many states which can lie at very low
energies but are immersed in the continuum.
In this letter we will develop an alternative Monte
Carlo method to perform calculations in the contin-
uum. Our basic assumption is that resonances can be
described in terms of states lying in the complex energy
plane. These complex states correspond to solutions of
the Schro¨dinger equation with outgoing boundary con-
ditions. The eigenstates thus obtained can be used to
express the Dirac δ-function as [7]
δ(r − r′) =
∑
n
wn(r)wn(r
′) +
∫
L+
dεu(r, ε)u(r′, ε), (1)
where the sum runs over all the bound states and complex
states (poles) which lie between the real energy axis and
the integration contour L+. The wave function of a state
n in these discrete set is wn(r), and u(r, ε) is the scat-
tering function at energy ε. The Berggren representation
is obtained by discretizing the integral in Eq. (1) [8]. It
includes all the bound, antibound, resonance and a large
number of discretized scattering states. In this work, in-
stead of including many scattering basis states, we will
use only one or a few samples of them at a given time.
The same calculation will be repeated until the average
energies corresponding to all those calculations conver-
gence to a certain value. We call this the Monte Carlo
representation since the scattering state is generated at
each step by the Monte Carlo random sampling algo-
rithm. With this procedure the dimension of the basis,
which can otherwise be many orders of magnitude larger
than the one proposed here, is relatively easy to han-
dle. Another advantage is that the physically meaningful
state can be easily identified due to the large removal of
states mainly composed of continuum. Moreover, the
model we proposed can be straightforwardly incorpo-
rated into the variety of Monte Carlo truncation schemes
of configuration interaction approaches [2, 12, 13] by gen-
eralizing them to the complex energy plane.
As an illustration, we firstly apply the method to eval-
uate the one-particle state in the complex energy plane
for which exact solution exists. We use a realistic single-
particle Hamiltonian H0 to generate several sets of or-
thonormal basis states. Within each set, we diagonalize
a certain target HamiltonianH to evaluate its eigenvalues
and eigenvectors. The exact solution is derived by solving
directly the Schro¨dinger equation with proper boundary
conditions. As in Ref. [8], we use a Woods-Saxon poten-
tial corresponding to the nucleus 208Pb. We concentrate
on two of its h11/2 eigenstates: A bound state at −14.960
MeV and a resonance at (2.251,−0.026) MeV. The tar-
2TABLE I. The calculated one-particle eigenvalues within dif-
ferent contours as a function of the number n of scattering
states on each segment. The energies are in units of MeV.
Basis n Bound State Resonance
2 −12.519 (4.442,−0.209)
4 −12.525 (4.314,−0.372)
8 −12.525 (4.343,−0.340)
Contour 1 16 −12.524 (4.329,−0.321)
32 −12.524 (4.324,−0.322)
64 −12.524 (4.324,−0.322)
128 −12.524 (4.324,−0.322)
2 −12.521 (4.429,−0.209)
4 −12.527 (4.312,−0.372)
8 −12.526 (4.341,−0.339)
Contour 2 16 −12.526 (4.327,−0.321)
32 −12.526 (4.322,−0.321)
64 −12.526 (4.322,−0.321)
128 −12.526 (4.322,−0.321)
Exact −12.526 (4.322,−0.321)
get Hamiltonian H , which has a different potential depth
than H0, has one bound state at −12.526 MeV and one
resonance at (4.322,−0.321) MeV.
To evaluate these states within the framework of com-
plex shell model [4–6, 8], we choose two contours in the
complex energy plane with different cutoff energies. The
nodes of each contour are as follows (in MeV): Con-
tour 1, (0, 0) → (0,−5) → (20, 0) → (30, 0); Contour
2, (0, 0) → (0,−5) → (20, 0) → (30, 0) → (100, 0). For
each contour, we select the same number n of discretized
scattering states u(r, εp) on different segments. The
weights hp are calculated according to Gaussian quadra-
ture method [8]. We diagonalized the target Hamiltonian
H within these two bases. The results correspond to dif-
ferent n are given in Table I. it is seen that, when n is
small, the difference between the calculated eigenvalue
and the exact result is quite large, especially for the res-
onance state. Moreover, the converged eigenvalues for
calculations within contour 1 differ from the exact val-
ues by about 2 keV. It means that the scattering states
with the energy larger than 30 MeV still have noticeable
contribution to the wave function. Our calculations show
that scattering states with energy higher than 100 MeV
have negligible influence.
Instead of summing many discretized scattering states
over the contour, we will use a Monte Carlo method to
approach the integral. We approximate the integral in
Eq. (1) as
∫
L+
dεu(r, ε)u(r′, ε) ≈
1
N
N∑
i=1
∑
p
vpu(r, εpi)u(r
′, εpi),
(2)
where p runs over the different segments of L+ and vp
denotes the length of the corresponding segment. In
practice, we will choose three segments for the contour
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FIG. 1. Upper: Convergence of the Monte Carlo calculation
for the one-particle bound state. The black solid line denotes
the calculated average value while the red lines indicate the
estimated error. The straight dashed line corresponds to the
exact solution. Lower: Same as the upper panel but for the
Resonance. The left and right plots show the real and imagi-
nary parts of the eigenvalue, respectively.
(0, 0) → (0,−5) → (20, 0) → (100, 0) and randomly
pick up one scattering sample on each segment at each
time i. Now our shell-model basis consists only one
bound state, one resonance and three random scatter-
ing states. In the other word, we consider, at a dis-
crete time, one scattering state in each step a ‘single’
quantum state which is the superposition of several ones,
|φ(r)i〉 =
∑
p
√
vp/N|u(r, εpi)〉 whereN denotes the nor-
malization factor [14]. Within this basis, for which the
dimension is much smaller than that of complex shell
model, we diagonalize at each time i the target Hamil-
tonian H as before. The same calculation is repeated N
times. The final total energy E of a given state is given
as the average value of all the corresponding eigenvalue
Ei we got in previous calculation. The physically mean-
ingful states one get at each time can be easily identified,
since they are dominated by the pole configurations. The
convergence of our calculations for the bound and reso-
nant states are shown in Fig. 1. The converged results
are−12.526 MeV for the bound state and (4.324,−0.328)
MeV for the resonance after 50,000 individual runs. The
systematic error for our calculation of the bound state
energy is less than 1 keV. The error for the resonance
state is only about 3 keV.
Now we apply our Monte Carlo representation to eval-
uate two-particle systems. We take the nucleus 26O as
an example, which has two neutrons outside the closed
shell 24O [15–19] and is expected to be unbound [20–22].
The nucleus 25O is also detected to be particle instable
and decays under the emission of one neutron [15]. The
single particle states can be well reproduced by using
the Woods-Saxon potential [23, 24]. The parameters we
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FIG. 2. Same as Fig. 1 but for the two-particle states 0+2 , in
26O, derived from the MC-I calculation. The left and right
panels show the real and imaginary parts of the eigenvalue, re-
spectively. The straight dashed lines correspond to the CXSM
calculation.
take correspond to r0 = 1.285 fm, Vso = 16.331 MeV,
rso = 1.146 fm and a = 0.691 fm [24]. The depth V0 is
slightly adjusted to reproduce the experimental energy
of the d3/2 orbital at 770 KeV [15].
In 26O the lowest valence shells are d3/2 and f7/2.
The ground state of 26O is measure to be at 0.150 MeV
[20]. For comparison, we first use Complex Shell Model
Method (CXSM) to calculate the 0+ states of 26O. For
the body matrix elements we take the simple separable
force [4, 10]. The strength G of the separable interaction
is determined by fitting to the ground state energy. We
chose contour (0, 0)→ (0,−3)→ (10,−5)→ (40,−5)→
(100, 0) MeV for d3/2, and contour (0, 0) → (0,−5) →
(25,−5)→ (100, 0) MeV for f7/2. We take 15 scattering
states on each segment, which means one has 105 scat-
tering states in total. The results of the calculation are
shown in Table II. we also did the calculation without
including the continuum states. In this case the model
space only contains two resonances d3/2 and f7/2. As is
shown in Table II, the ground state thus obtained has a
positive imaginary part of the energy, which is not phys-
ical, due to the non-completeness of the basis.
Now we proceed to do the same calculations by apply-
ing the Monte Carlo method. We use the same contour
as in the CXSM calculation. Two kinds of calculations
are done. Firstly, the energies of 0+ states in 26O are cal-
culated by fixing the strength G in each run to reproduce
TABLE II. The energies of the 0+ states in 26O given by
the shell-model calculation without continuum, complex shell
model (CXSM) and our Monte Carlo calculations MC-I and
MC-II. The energies are in units of MeV.
26O(0+1 )
26O(0+2 )
No Continuum 0.150 + i 0.743 6.330 − i 0.448
CXSM 0.150 − i 0.000 6.780 − i 0.515
MC-I 0.150 − i 0.000 6.779 − i 0.517
MC-II 0.149 − i 0.060 6.780 − i 0.519
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FIG. 3. Same as Fig. 2 but for the two-particle ground state
(upper penal) and the 0+2 state (lower penal), in
26O derived
from the MC-II calculation.
the energy of the ground state (denoted as MC-I). The
convergence of our calculations for the excited state 0+2
is plotted in Fig. 2. We repeat the procedure for 10,000
times and the results shown in Table II are the converged
average of all individual runs. We can see that the accu-
racy of our Monte Carlo calculation is quite satisfactory.
The difference between the Monte Carlo and CXSM cal-
culations is below 2 keV.
For the second step, we redo the Monte Carlo calcu-
lation by taking for the strength G to the same value as
in CXSM (MC-II). The convergence of our calculations
for the ground state and the first excited 0+ state are
plotted in Fig. 3. We repeat the procedure for 10,000
times and the converged average are also shown in Ta-
ble II. The accuracy of the Monte Carlo calculation is
also good. The difference between the Monte Carlo and
CXSM calculations is below 1 keV, except the imaginary
part of the ground state has a difference of 60 keV. The
reason for the relatively large difference might be that the
ground state as well as the single-particle d3/2 resonance
are close to the origin. Hence the correlation between
the resonance and the continuum around the origin is
pretty strong. This discrepancy may be fixed by taking
more scattering states close to origin in the Monte Carlo
calculations.
We now apply our Monte Carlo representation to cal-
culate the three-particle system 27O. The three-particle
bases are constructed by applying the same approach as
Ref. [10]. Only the pairing interaction is taken into ac-
count for simplicity. The ground state energy is calcu-
lated to be 1.659 − i0.113 and 1.663 − i0.138 MeV for
calculations with the MC-I and MC-II approaches, re-
spectively. The convergence of the ground state with dif-
ferent approaches are given in Fig. 4. The first excited
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FIG. 4. Same as Fig. 1 but for the three-particle ground
states 3/2+1 , in
27O, derived from the MC-I (upper) and MC-
II (lower) calculations.
state is calculated to be 7/2−. The energies are calcu-
lated to be 4.605− i0.556MeV (MC-I) and 4.604− i0.614
MeV (MC-II).
In principle, the effective interaction should be renor-
malized differently for calculations within different model
spaces (see, e.g., Ref. [25]). However, our calculations
shown above tend to suggest that one can safely take
the same interaction for calculations with the full CXSM
and Monte Carlo calculations even though the number
of single-particle states is highly restricted in the latter
case.
In full configuration interaction calculations, we do
not distinguish between the discrete states and the ‘dis-
cretized’ scattering state. Thus the total M -scheme di-
mension will be significantly larger when the continuum
is taken into account. For CXSM calculations on 26O, the
total M -scheme dimension is
(
m
n
)
= 66 and 186966 for
our calculations without and with the continuum states,
respectively, where m (n) denote the numbers of M -
scheme orbitals (particles). In the latter scheme, it is im-
possible to treat systems with more than three particles
on modern computers. It should be mentioned that many
of those large amount of configurations, which are mostly
composed of particles in the continuum, are not physi-
cally meaningful and play a relatively minor role in the fi-
nal wave function. This redundancy is mostly removed in
our Monte Carlo calculation, for which is the correspond-
ing dimension is
(
m
n
)
= 1326, even though one may argue
that it is not a ‘full’ representation. In that sense, the
Monte Carlo method we propose is consistent with the
variety of importance truncation algorithms employed in
traditional configuration interaction approaches.
In summary, a Monte Carlo method is presented to
evaluate the effect of the continuum within the configu-
ration interaction approach. The scattering state on the
contour is generated at each time by a Monte Carlo ran-
dom sampling algorithm. We repeat the same calculation
until the average energies of all calculations converge. We
show that, for systems with one and two particles, the
exact solution can be approached with only around one
hundred iterations. With this procedure the dimension
of the basis is much smaller than that of the traditional
complex shell model. Moreover, the physically mean-
ingful state can be identified in a more straightforward
way. The approach is employed to evaluate the energies
and the structure of the heavy unbound oxygen isotopes
26,27O.
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